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harmonicity of this map in the case of totally geodesic submanifolds in Lie groups 
admitting biinvariant metrics. We show that, depending on the structure of the 
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1 Introduction 

It is proved in [9] that the Gauss map of a submanifold in the Euclidean space 
is harmonic if and only if the mean curvature field of this submanifold is parallel. 
There is a natural generalization of the Gauss map to submanifolds in Lie groups: 
for each point of a submanifold the tangent space at this point is translated to the 
identity element of the group (for the precise statement see Section [2]). Let the 
Lie group be endowed with some left invariant metric. As it is proved in [4], when 
this metric is biinvariant and the submanifold is hypersurface, the Gauss map is 
harmonic if and only if the mean curvature is constant. Our aim is to consider 
more general case of a submanifold in some Lie group with arbitrary codimension. 

The paper is organized as follows. In Section [2] we obtain the harmonicity 
criterion for the Gauss map of a submanifold in some Lie group with a left invari- 
ant metric. This criterion is given in the terms of the second fundamental form 
of the immersion and the left invariant Riemannian connection on the Lie group 
(Theorem [Q. 

lr The author was partially supported by N. I. Akhiezer Foundation and the Foundation of 
Fundamental Research of Ukraine (Project No. GP/F13/0019 for young scientists). 



In Section [3] we consider submanifolds in Lie groups with biinvariant metric. 
Let us introduce some notation. Let N be a Lie group with biinvariant metric, Af 
the Lie algebra of N, M a smooth immersed totally geodesic submanifold in N, 
Taking if necessary the left translation of M assume that e 6 M (see Section [3] for 
details). The tangent space T e M is a Lie triple system in Af. Denote by Af the 
Lie subalgebra T e M + [T e M, T e M] of Af. By W denote the orthogonal projection 
of T e M to the semisimple Lie subalgebra Af = \Af, Af] . 

The subspace W = W fl [W, W] is an ideal (here by ideals we mean ideals in 
77). Denote by V the orthogonal complement in 77 to W. Let V = © 5/ be 

some direct orthogonal decomposition of V into simple ideals. Using Theorem Q] 
we prove 

Theorem 3. Let M be a smooth immersed totally geodesic submanifold in a Lie 
group N with biinvariant metric. Then 

(i). if the restriction of the metric to V is a negative multiple of the Killing form 
(in particular, if V is simple), then the Gauss map of M in this metric is 
harmonic; 

(ii). if W fl V = (J) Wi, where W; C Si is a proper Lie triple system in Si, 

i.e., Wi 7^ and Wi ^ Si for each 1 ^ I ^ m (in particular, ifV = 0), then 
the Gauss map of M is harmonic in any biinvariant metric on N; 



(Hi), if the condition of (ii) is not satisfied, then there is a biinvariant metric on 



N such that the Gauss map of M is not harmonic. 

In the paper [8] we considered hypersurfaces in 2-step nilpotent Lie groups 
and found conditions for the Gauss maps of such hypersurfaces to be harmonic. 
In particular, we showed that, unlike the case of groups with biinvariant metric, 
this harmonicity is not equivalent to the constancy of the mean curvature. As 
it was shown in [2], totally geodesic submanifolds in such groups either have the 
Gauss map of maximal rank or are open subsets of subgroups (and consequently 
have the constant Gauss map). In the latter case the structure of subalgebras 
corresponding to such subgroups can be explicitly described (this description im- 
plies, in particular, that there are not totally geodesic hypersurfaces in 2-step 
nilpotent Lie groups, see [2]). Using our criterion, we prove in Section [4] that the 
Gauss map of a geodesic in a 2-step nilpotent Lie group is harmonic if and only 
if is constant (Proposition |4]). 

The author would thank prof. A. A. Borisenko and prof. L. A. Masal'tsev for 
their attention to this work and many useful remarks. Also the author is grateful 
to the reviewer for essential improvement of both the results and the presentation 
of the paper. 
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2 The Harmonicity Criterion 



Suppose M is a smooth manifold, dimM = n, M — > N is an immersion of 
M in some Lie group N with left invariant metric, dimiV = n + q. For some 
point p of M let Yi, . . . , Y n and Y^+i, . . . , Y n+q be orthonormal frames of tangent 
space T p M C T p N and of normal space N p M C T p N, respectively. Also by Y a , 
1 ^ a ^ n + q, denote the corresponding left invariant fields on N . 

Denote the left invariant metric on N (and also the corresponding inner prod- 
uct on its Lie algebra) by (•,•), the Riemannian connection of this metric by V, its 
curvature tensor by R(-, ■)-, and the normal connection of the immersion M — > N 
byV^. 

Let Ei,... E n+q be vector fields defined on some neighborhood U of p such 
that Ei(p) = Yi, Ei, . . . ,E n and E n+ i, . . . , E n+q are orthonormal frames of the 
tangent and the normal bundles of M on U, respectively, and (V^-Ej) (p) = 0, 
for all 1 ^ i,j ^ n. Then the mean curvature field H of the immersion is defined 
on U by 

H = 1 E (V Ei ^) ± - (1) 

Here (-) T and (•)-*- are the projections to the tangent bundle TM and the normal 
bundle NM, respectively. 

For 1 ^ i,j ^ n, n+1 ^ a ^ n+q by bfj = (V^-Ej, £"0} denote the coefficients 
of the second fundamental form of the immersion on U with respect to the frame 
Ei, ... , E n+q . Suppose that on U for 1 ^ a ^ n + g 

£7 a = e (2 ) 

Here {A'^}i^ a ^ n+q are functions on U. Obviously, A b a {p) = S a b, where 5 a b is the 
Kronecker symbol. 

Let A be the Laplacian Am of the induced metric on M. The definition of the 
Laplacian and the conditions (V EiEj) T (p) = imply that for functions / and g 
defined on U 

A/(p)= £ EiEi(f), (3) 
A(/(/)(p)=^(p)A/(p) + 2 £ £i(/)£i(<7) + /(p)A(,(p). f4) 

Let $ be the Gauss map of M: 

$: M^G(n,g);$(;p) = dL p -i(T p M). (5) 

Here G(n, g) is the Grassmannian of n-dimensional subspaces in n + g-dimensional 
vector space, a point p is identified with its image under the immersion, L g is the 
left translation by g € M, dF is the differential of a map F. 
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Recall that if (Mi, g±) and [M^^g^) are smooth Riemannian manifolds, then 
for any <f> € C°°(M\, M 2 ) the energy of is 

E(<l>) = kJ E 92{d4{Ei),d4{Ei))dV M , 

where m = dim Mi , Ei, . . . , E m is the orthonormal frame on Mi , cZVm is the 
volume form of gi. The critical points of the functional <fi h-> E?(0) are called 
harmonic maps from Mi to M2. We say that a map is harmonic at some point 
if the corresponding Euler-Lagrange equations are satisfied at this point (i.e., the 
so-called tension field vanishes, see, for example, [10]). 



Theorem 1. The map $ is harmonic at p if and only if 

E (RiYj^YM- e (v (Vyyi) y i) F a ) + ([nif,y i ],y Q 



bl(V Yi Y y ,Y a ) 



E ((Vy,y i ) T ! (Vy i y a ) r )+ E ((Vy^) 1 " , (Vy^a) 1 ) = 



(6) 



/or aW 1 ^ j ^ n, n + 1 ^ a ^ n + g. 

Proof. The Grassmannian has the structure of the symmetric space G(n, q) = 
0(n + q)/ (0(n) x 0(q)). There is an embedding of this space in the space of 
symmetric matrices of order n + q considered with the obvious Euclidean metric 
([5]). This embedding is induced by the map A 1— > AEA 1 , where A € 0(n + q), 
A 1 is A transposed, and 



E 



Here I n and I q are the identity matrices of order n and q, respectively. The 
image of $ on U corresponds to the matrix A = (Aa)i^a,b^n+q, where A b a are 
the functions from J2|). The composition of $ and the embedding gives the map 
defined on U by 




V 



-3-1 4- 

n+q ±n ^ 



E 



E 



E 



AO. \k 



- ( E AfA\ 



l<l<n 



\ 



J 



(7) 



where 1 ^ j, fc ^ n, n + 1 ^ a, (3 ^ n 4- q. Differentiate E a with respect to Ei on 
£/ for 1 ^ a ^ n + q, 1 ^ i ^ n: 

V Et E a = E Si(^)n+ E A b a V Ei Y b . (8) 

l^b^n+q l^b^n+q v ' 
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In particular, at p 

V Yl E a = £ Ei(Al)Y b + V Yi Y a . , Q) 

Note that Ei{A b a ) = — Ei(A%) (this can be derived from (jQj) or simply from the 
fact that so(n + q) is the algebra of skew-symmetric matrices). 

According to Theorem (2.22) in Chapter 4 of |10j . the criterion of the har- 
monicity of $ is the set of equations 

E Bit&iE&d^Ei))) =0. (10) 

Here l^a^&^n + g, are the coordinate functions of the embed- 
ding, and B is the second fundamental form of the embedding^]. The fields 
{^vTJ' 1 ^i^ n > n + 1 ^ a ^ n + i ? f° rm the frame of TG(n,q) on the image of U (note that 
g4a = — ^73- )• Denote by C^ 1 for 1 ^ a ^ 6 ^ n + g the matrix with the entry 1 at 
the intersection of a— th row and 6— th column and with other entries equal to 0. 
The differential of the embedding at p maps the field -^j to the vector C 3 a . It fol- 
lows that we can take as a frame of the normal space of the Grassmannian at the 
image of this point the vectors Cj, 1 ^ i ^ j ^ n and Cg, n + l^a^ff^n + q. 
The expressions j7|) imply on U for 1^/^m^n, n+1^7^K^n + g 

Differentiate these equations: 

n [ _d 9_\= V 9 ( d \ l fil 

+ E afe (^r) 7 °Z = M* + W " W + 5 aP )Cf. 
for l^j^fc^n, n+l^Q^/?^n + g. Also note that 
d*(Ei) = E ^(X)^T- 

This implies that at p for 1 ^ j ^ ^ n the expressions in (fTUll take the form 

A (-^k s ik+ E 44) - f E B(d$(^ < ),d*(^)) > ) 

= 2 e ^(4)^(4) -2 e ^(4)^(4) = 0. 



2 Actually, the sign of B in [10] is different because the Laplacian in this book is defined with 
the opposite sign. 
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Here the equation (|4j was used. Similarly, forn + l^a^/3^n + g obtain 



n+q 

l<Z<n / \ l<i<n 



/9 



= -2 E ^(Af)^(Af) + 2 E HAf)E i (A?) = 0. 
It follows that the conditions ([TO]) at p become 

A f E 44) = 

forl^j^n, n + l^P^n + q. The differentiation gives 

AA& + 2 E Ei(4)Ei(A?;)=0; 

l<i<ra,n+l<7<n+g (11) 

Differentiate j8]) with respect to Ei on [/ for n + 1 ^ a = a ^ n + q: 
V Ei V Ei E a = E /w/-.';i.V/,!r ; • E EiEiiA&Yf, 

+2 E E t (Ai)V Et Y 3 +2 e ^(^)v Ei ya (12) 

l^j^n n+l^/3<n+<j v y 

+ E Aiv Ei v Ei Yj+ E ^v^v^y^. 

Take the inner product of (fT2l) with lj at p: 

EiEi(Aic) = (Ve^e^Yj) - 2 E ^(^(V^ifc,^) 

Kfc<n 

-2 E EiiADiVEY^Y^-iVE^B^Yj). 



Therefore pip takes the form 

E (V El V El E a ,Y J )-2 E EkiA^iV^Yj) 

-2 e Had^^y^)- e (v £i v £< y a ,y,-) 

+2 ' E ^(4)^(^ = 0. 

l^i ^n,n+l ^7^n+g 



(13) 



Here (|3j) was used. The definition ([TJ) of the mean curvature field implies for 
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l^i^w, n+l^a^n + g at p 

(V Yj (nH),Y a ) = Z (V Ej ((V Ei E i ) ± ),E a ) = £ (V Ej V Ei E h E a ) 

- E (^E j ((y Ei E i ) T ),E a ) = Y. {RiE^EjEi + VE^EjEi 
+V [E . )i?i] £ i ,£ a )- £ EjdWE^f ,E a )+ E ((V^i^V^} 
= E (R(^-,y i )F i! F a )+ £ (X7 Ei V E] E i ,E a )= £ (Rp^)*^) 
+ E (VE i [E j ,E i ],E a )+ £ {VE i V Ei E j ,E ot )= E (R(^,^,F a ) 

l^i^n lsCi^n l^Ci^n 

l^i^n l^Ci^n l^j^n 

= E (R(F i ,y i )y i ,y a }+ E (v^v^-,^). 



In the third equality the definition of the curvature tensor was used. The fourth 
equality follows : 
its consequence 



equality follows from the Frobenius theorem, the condition (V Ei Ej) T (p) = 0, and 



[E k ,Ei](p) = ([E k ,E l ]f (p) = (V Ek Ei - V Ei E k ) T (p) = 0. 
Differentiate two times the expression (Ej,E a ) = with respect to Ef. 

(V Ei V Ei E j ,E a )+2{V Ei E j ,V Ei E a ) + (Ej, V Ei V Ei E a ) = 0. 
This equation and (J9|) imply 

(V Yj (nH),Y a ) = J2 (R(Y 1 ,Y i )Y l ,Y a )-2 £ {V Ei E h V E .E a ) 
- £ (E 1 ,V Ei V Ei E a )= J2 {R(Yj,YjYi,Y a ) 

-2 E &7.(i*oa) + <Vr i y aj y 7 »- E (^.v^v^). 

From JH) and the condition (V Ei Ej) T (p) = obtain 

^. = ^(^) + (Vyy i ,y 7 ), (14) 
o = ^(4) + (v y y„y fc ). (is) 



Hence at p 



(v Yj (nH),Y a ) = £ (R(y,,y)y,y a ) 
+2 E ^.(v y y 7 ,y Q ) 



7n 

l^i^n,n+lsC7^n+g 



-2 E (Vy^y^A* 



(16) 



E (E j ,V Ei V Ei E a }-2 J2 Ei{A])Ei{Al). 



The equation (fl4|) implies 



E £? < (A*)(v Bj r fc ,y i > = - E ^(^)(v^r fc! ^) 
= - E bi(v Yi Y k ,Y j )+ E (VyY^xvyY^). 

Note that for each pair of left invariant fields X and Y the product (X, Y) is 
constant, hence, 

(V Z X, Y) = Z ((X, Y)) - (X, V Z Y) = -(X, V Z Y) (17) 
for every vector Z . This and the fact that the frame is orthonormal imply 

E (V Yl Y k ,Y a )(V Yl Y k ,Y J )= £ (V Yi Yj,Y k )(V Yi Y a ,Y k ) 

= E ((Vyy,) T ,(Vy s ^) T ). 

Thus, 

E ^(^)<v^n,iS-> = - E m^r^Yj) 

+ E {(v Yi y 3 ) t ,{v Y y a ) T ). ( j 

Substituting ([To]) in (fl~3j) and taking into account (fl~8l) derive the conditions 
E (R0 r j ,Yi)Y i ,Y a )-<y Yj (nH),Y a )+2 £ &&<Vy«n,Yj> 
+2 E 6j(V yi Y 7 ,Y )- E (V^V^Y,) (1Q) 

-2 £ <(Vy^) T ,(VyY a ) T ) = 0. 

At p for 1 ^ i,j ^ n, n + l^a^n + q obtain 
(V Ei V Ei Y a ,Y 3 ) = {V Ei [ Y. AfV Ya Y a ) ,Y 3 ) = £ E,{A\ )<Vy fc Y a , Y,-) 

+ E ^(^7)(Vy 7 Y a ,Y,) + (VyVyY a ,Y,). 



Substitute into this (|T4|) and (fT5|) and use the definition of the mean curvature 
(nH, Ej) = bj { . Then use OH): 

E (V Et V E Y a ,Y 3 )=- £ <Vy i Y i ,Y )(Vy o Y aj ^> 

+ £ (n J H',Y 7 )(VK y Y Q ,Y j )+ £ (VyVyY^Y,-) 

E (V Yi Y,Y a )(V Ya Y 3 ,Y a ) 
- £ (n^Y 7 }(Vy 7 Y,-,Y a )- £ (Vy Y}, VyY a ). 



The frame is orthonormal, hence, 

E (v Ei v Ei Y a ,Y j )= E (v (wyj) y„y a ) 

-(V (ni/) y,-,Y Q >- E (VyTi.VyTa). 1 J 

Substitute (EDI) in USB and obtain (l6j). □ 



Note that the Gauss map of a Lie subgroup is constant, therefore harmonic. 

If N is the Euclidean space E n+q , then the curvature tensor vanishes. For any 
vector field X and for left invariant (i.e., constant) Y the derivatives V xY also 
vanish. This yields that the conditions ([6j take the form (V Yj (nH), Y a ) = for 
1 ^ j ^ n, n + 1 ^ a ^ n + q, i.e., V H = 0, and we obtain the above-mentioned 
classical result of |9J. 

The definition of the second fundamental form and the fact that the frame is 
orthonormal allow us to rewrite ((6)) in the form 

E (R(Y 3 ,Yi)Y u Y a )- E (V {VYYt) Y ,Y a ) + ([nH,Y lY a ) 

"2 E (V/ , )T E i ,Y<*}-2 E ((V^i) 1 ,^) 1 ) (21) 

- E ((Vy i y i f,(Vy l y Q ) T }+ E ((Vy^-) 1 , (Vy,^) 1 ) = o. 

Note that these expressions do not depend on the particular choice of E±, . . . , E n , 
The summands in ((6j) that do not include the coefficients of the second fun- 
damental form and the mean curvature field can be rewritten: 

E (R(Y„Y)Y,y Q >- E (V(v YYi ) Y J> Y «) 
- E ((V Y Y ] ) T ,(V Y Y a ) T )+ E {{VY l Y j ) J - ) (VY i Y a ) ± ) 



E {V Yj V Yi Yi - V (Vy y^- - V Y ^ Yj Yi - V [y ., y . 



Y: 



+ Vy (Vy/i + [y i; y,-]) T - Vy (v yj y + [y, Yj\y , y a ) 

+ Vy (Vy, Y + 2[Yi, Yjlf - Vy (Vy, Y)^ , Y a ) 

= E (K,Vy i r i ] + [F i! [y i ,y i ]]+2Vy i (([r i ,y i ]f-(Vy,y i ) ± ) ! r a ). 

In particular, a totally geodesic submanifold M has the harmonic Gauss map at 
p if and only if 

E ([Y j ,V Yi Y i \ + [Y i ,[Y j ,Y i \] + 2V Yi (([Y l ,Y 1 ]f-{V Y] Y i ) ± )) ± = (22) 
for all 1 ^ j ^ n. 
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3 Lie Groups with Biinvariant Metric 



In this section we consider a Lie group N with some biinvariant metric. The 
conditions from Theorem Q] in this particular case are relatively simple: 

Proposition 2. The Gauss map of a smooth submanifold M in the Lie group N 
with biinvariant metric (•, •) is harmonic at a point p E M if and only if, in the 
above notation, 

{[nH,Yj\,Y a ) + £ bl([Y h Y 7 ],Y a ) 

+\ E ([Y i ,Y j \^,[Y i ,Y a }^) = {Z6) 

for l^j^n, n + l^a^n + q. 

Proof. Recall that the left invariant metric (•, •) is biinvariant if and only if 
([X, Y],Z) = (X, [Y, Z]) for all left invariant X, Y, and Z. Also, V X Y = \[X, Y]. 
In particular, V xY = —VyX and V xX = 0. This, together with the symmetry 
of the second fundamental form, implies YI ^(VyfYk, Yj) = 0. The curvature 

tensor is defined by the equation R(X, Y)Z = — j[[X, Y], Z). Thus, 

- E ((V Yi Y 3 f,(V Yi Y a f)+ £ ({VY i Y j ) ± ,(V Yi Y a ) ± ) 
= 4 E m,Y j ] T t \ri,Y a ] T ) + { E ([Y,Y^,[Y u Y a }^) 
= 4 E {[Y h Y j ],[Y i ,Y a }) + \ £ m^^Y^] 1 ) 
= E (R(Y i ,Y j ),Y i ),Y a ) + ^ £ {[Y h Y^,[Y h Y a ] L ). 

Substitute this in (|6|) and obtain (|23l) . □ 

If q = 1 (i.e., M is a hypersurface), then ([Yi, Y n+1 ], Y n+1 ) = (Yi, [Y n+1 ,Y n+1 ]) 
vanishes for all 1 ^ i ^ n, i.e., [Yi, Yn+i] 1 - = 0. It follows that (j23"1) gives the 
conditions Yj(nH) = 0, where H is the mean curvature function. This implies 
the result from [4] cited in the introduction. 

Denote by Af the Lie algebra of N. It is well-known (see, for example, [7], 
Lemma 7.5), that Af is compact, i.e., Af = Z ©A/"', where the direct sum is 
orthogonal, Z is abelian, and Af' = [Af, Af] is semisimple with the negative definite 
Killing form. 

Let M be totally geodesic submanifold of N, ^: M — > N the corresponding 
immersion, and p an arbitrary point of M. Consider the immersion Vl/' = L^^-i o 

M — > N. The image ^'(p) coincides with the identity element e of the group. 
The Gauss map of this immersion maps each point r S M to the subspace <£'(r) = 
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dL$/(p)-i o d^'(T r M) = dL^,(p\-i o (N>{T r M) = 3>(r), i.e., the Gauss maps of 
two immersions are the same. Left translations are isometries of N, hence \&' 
is also totally geodesic. Thus we can assume without loss of generality that 
^(p) = e - Then the tangent space T e M is a Lie triple system in N (see, for 
example, [6], Theorem 4.3 of Chapter XI). The subspace Jf = T e M + [T e M, T e M] 
is a compact Lie subalgebra, therefore it has an orthogonal direct decomposition 
AT = ~Z®N' with abelian Z and semisimple M =[N,N\. Take the decomposition 
Y a = X a + Z a for 1 ^ a ^ n + q%, where X a £ J\f , Z a € Z, dimAA = n + q±. 
Then for 1 ^ a, b ^ n + q\ the Lie bracket [y o ,lft] = [X a ,Xft]. Denote by W 
the subspace spanned by X\, . . . ,X n (i.e., the orthogonal projection of T e M to 
AT). It is a Lie triple system in 77 , and 77 = W + [W, W]. The intersection 
W = W n [W, W] is an ideal (from this point on by ideals we mean ideals in 77). 
The Lie algebra 77 is semisimple, consequently the orthogonal complement V to 
W is an ideal and equals an orthogonal direct sum (J) Si of simple ideals Si . 

Theorem 3. Let M be a smooth immersed totally geodesic submanifold in a Lie 
group N with biinvariant metric. Then 

(i). if the restriction of the metric to V is a negative multiple of the Killing form 
(in particular, if V is simple), then the Gauss map of M in this metric is 
harmonic; 

(ii). if W n V = (J) Wi, where W; C Si is a proper Lie triple system in Si, 

i.e., Wi ^ and W; ^ Si for each 1 ^ I ^ m (in particular, ifV = 0), then 
the Gauss map of M is harmonic in any biinvariant metric on N ; 



(Hi), if the condition of (ii) is not satisfied, then there is a biinvariant metric on 
N such that the Gauss map of M is not harmonic. 



Proof. The conditions (|23j) for 1 ^ j ^ n, n + 1 ^ a ^ n + q take the form 

E ([Y i ,Y j ] ± ,[Y i ,Y a } ± )=0. m 

Also note that 



£ ([Y i ,Y j } T ,[Y i ,Y a f)+ £ ([Y u Y^,[Y u Y a }^) 
£ ([Y i ,Y j ],[Y i ,Y a ])= £ {[[Y h Y j ],Y i \,Y a )=Q 



since the tangent space T e M is a Lie triple system. Hence the conditions (|24l) are 
equivalent to 

£ ([y i) y i r,[y i ,y Q n = o. (25) 



n 



Note that j24| and (|25l) can also be obtained directly from (|22|) using the fact 
that T e M is a Lie triple system and the expression for the invariant Riemannian 
connection. 

The ideal W is semisimple, hence W = [W, W] and 



W = [W,W] = [W, [W,W]} C [W, [W,W]} = [T e M, [T e M, T e M]] C T e M. 

This implies that we can choose a frame of T e M such that Y^ = I; £ W for 
1 ^ i < m, where < m < n, and F = Xi + Zi with I,GW = WnV and 
Z ^ Z for ni + 1 ^ i ^ n. For 1 ^ j ^ n\ the equations in (|24|) become 

£ ([r i ,r i ]- L ,[y i ,r a ]- L )= £ ([F,^]\[F,y a p> = o 

because G T e M for 1 ^ z ^ n\. This yields that for showing harmonicity 

or non-harmonicity of the Gauss map at the point it suffices to check (f2^1 or (j25l) 
for n\ + 1 ^ j ^ 

The subspace W is a Lie triple system in a semisimple Lie algebra V, and V = 
W + [W, W]. Moreover, Wn [W, W] =0 because V is a direct complement to Wn 
[W, W]. For each 1 ^ Z ^ m the restriction of the inner product to Si is equal to 
the Killing form multiplied by a negative constant: (X, Y) = A; Tr(ad Xoad Y) for 
X, Y € 5;, A; < (See [7], Lemma 7.6). Here by adX we mean the restriction of 
the adjoint representation operator to the corresponding simple ideal. Denote by 
Pi the orthogonal projection to Si, then (X, Y) = £ M Tr(adP/(Jf)oad Pi(Y)) 

for X, Y G V. 

For each 1 ^ Z ^ m the operator Pi is a Lie algebra homomorphism, therefore 
Pl([W,W}) = [Pl(W),Pl(W)] and 

Si = P(V) = Pi(W + [W,W]) = Pi(W) + [Pi(W),Pi(W)). 

The intersection Pi(W) Pi [p(W),p(W)] is an ideal in simple Si. Hence either 
Pi (W) n [Pi (W) , P (W)] = Oor Si = Pi (VV) = [P; (VV) , Pi (VV)] . In the first case tfie 
operators adX for X G fJ(W) map P(W) to [P(VVjh P(W)] and [P,(VV), P/(VV)] 
to Pi(W). The operators adY for Y € [P(W),P(W)] map the subspaces P(W) 
and [P(W),P(VV)] to themselves. It follows that (P(W), [P,(W), P(W)]) = 0. 
If the restriction of the metric to V is a negative multiple of the Killing form 



(the case of (i)), then the same argument shows that (W, [W, W]) = 0. 

Consider the case P/(W) n [P(VV), P/(VV)] = forallj £j < m. We proved 
that (Pi{W),[Pi(W),Pi{W))} = for all I, thusjVV, [W, W}) = 0. For each 
1 Z < m denote P(W) by Wj. Then (Wj,[W,W]) = CW, [VVj, VVi])^ = °' 
hence is contained in the orthogonal complement of [W,W], i.e., in W; and 
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W = Wj. Subspaces Wi are Lie triple systems, W; 7^ because in the 

opposite case [Wi, Wi] = and Si = 0. It contradicts the fact that 5; is simple. If 
W; = Si, then W; = [W;, W;] because 5; is simple, a contradiction. It follows that 



Wi 7^ Si. This is the case of (ii) It is easy to see also that the condition in (ii) 



implies Pi(W) n [Pi(W),Pi(W)] = for all 1 < Z < m. In fact, if W = Wi 

with WiJZ Si, thenPi(W)^ Wi, [Pi(W), Pi(W)] = [Wj.Wj], therefore the case 
Si = Pi{W) = [P*(W), is excluded by the condition Wi ^ S t . 

Assume that (W, [W, W]) = 0. Take any n x + 1 ^ j ^ n. For 1 ^ ? ^ n x 
[y , Y^] = and for rai + 1 ^ i ^ n 

[Yi,Yj} T = E ([yi,^-],y fe }y fe = E = o 

because € W for ni + 1 ^ i ^ n. This yields that ([25]) is satisfied. We proved 



(i) and (ii) 



Finally, in the case (Hi) there is 1 ^ Iq ^ m such that Si = Pi (W) = 
[P;„(W), Pi (W)]. Consider the new metric (■, •)' such that it is equal to (•, •) on 
the orthogonal complement to V and 

(X,Y)'= E (-Tr(adPi(^)oadP / (y)))-A 2 Tr( a dP /o (X)oadP /o (y)) 

for 1,7 £ V, where A / 0. It is a biinvariant metric. Denote — Tr(adP/ (X) o 
adP io (y))by (X,Y}». _ 

The ideal Si is not contained in W because in the opposite case it is contained 
also in W n [W, W] = 0, a contradiction. It follows that there is a vector Y 
orthogonal to W such that Pi (Y) 7^ 0. Then Si = P/ (W) implies that there is 
a vector X eW such that Pi (X) = Pi (Y). Note that Y is orthogonal to T e M. 
We can consider that the norm of Y equals 1. Choose an orthonormal frames of 
T e M and N e M such that Yj = X + Zj for some n\ + 1 ^ jo ^ n and Y ao = Y 
for some n + 1 ^ ctQ ^ n + qi. Then the discussion above implies that for any 
ni + 1 ^ i ^ n in the new metric 

[Yi,Y jo ] T = e ([y,y,o]^fc)%= E 

= a 2 E ([n,M,fl (Jf)],fl (jft)>*y fc 

ni+lsCfcsCn 

= -a 2 E mM*\Pi (Xk)lPiM))"Y k . 

There is some n\ + 1 ^ i ^ n such that this expression does not vanish because 
Si = [Pi (W),Pi (W)}. Similarly, 

[y,y Q0 ] T = -A 2 E {[Pi {Xi),Pi {Xk)lPi {Y))"Y k . 
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The expression in ([25]) for j = jo and a = ao thus becomes 

A 4 £ (([P lo (Xi),Pi (X k )},P lo (X))") 2 ^ 0. 

Therefore the Gauss map is not harmonic. □ 

A Lie triple system U is reducible \ilA = Ux®U 2 , where U\ and IA 2 are nonzero 
Lie triple systems such that \Ui,liz] = 0, and is irreducible otherwise (see, for 
example, Appendix 1 of [3]). Theorem [3] then implies that if W is irreducible and 
V is not simple, then there is a biinvariant metric on N such that the Gauss map 
of M is not harmonic. 

Consider an example. Let Af be so (3) 0so(3) with the orthogonal basis con- 
sisting of the vectors e\, e 2 , e 3 , fx, f 2 , h with the nonzero brackets 

[ei,e 2 ] = -[e 2 ,ei] = e 3 , [e 2 ,e 3 ] = -[e 3 ,e 2 ] = ei, [e 3 ,ei] = -[ei,e 3 ] = e 2 , 
h] = —[hi fx] = hi [hi h] = -[hi h] = hi [hi h] = _ [/i> h] = h- 

Let W be the subspace spanned by e\ + fx, e 2 — / 2 , and e 3 + / 3 . Let M be 
exp(W), hence T e M = W. The bracket [W, W] is spanned by ei - /1, e 2 + / 2 , 
and e 3 — / 3 . It is easy to see that W is a Lie triple system. In our notation, 
N = JJ = jtf = V = W + [W, W] . The intersection W = Wn[W,W] vanishes, 
therefore W = W. Choose a metric such that (e{,ej) = 5ij and (fi,fj) = Sijd 2 , 
where < a / 1, then W and [W, W] are not orthogonal. The orthonormal 
frames of the tangent and the normal spaces of M can be chosen in the following 
way: 

Yi = ^(ei + A), Y 2 = ^(e 2 - f 2 ),Y 3 = ^(e 3 + / 3 ), 
Y, = ^(ex-^h),Y 5 = ^(e 2 + ^f 2 ),Y 6 = ^(e 3 -^h). 
Compute (|25l) . e.g., for j = 1 and a = 4: 

E <[r 4l nf, [y 4l y 4 ] T ) = <(-es + hf , (-e 3 - ^/ 3 ) T ) 

1 // 1 f \T / 1 -P "\ T \ -2(-l+a 2 ) . 2(l-a 2 ) , n 

+ a(l+a 2 ) \C e 2 + J2) i[e 2 -^h) ) ~ a( i +a 2)2 + a( i +a 2)2 t 0. 

It follows that the Gauss map is not harmonic. 

4 2-Step Nilpotent Groups and Geodesies 

Recall that a Lie group N is 2-step nilpotent if and only if its Lie algebra M is 2- 
step nilpotent, i.e., [M,M] ^ 0, [[Af,N],N] = 0. In other words, ^ [jV,AT| C 
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where Z is the center of M . Consider a 2-step nilpotent Lie group N with left 
invariant metric induced by an inner product (•, •) on M as above. Denote by V 
the orthogonal complement to Z in J\f. For each Z £ Z define a linear operator 
J(Z): V -> V by (J(Z)X,Y) = ([X,Y],Z) for all A, Y from V. All J{Z) are 
skew-symmetric. The group A" and the Lie algebra N are called nonsingular if 
for each Z / the operator J(Z) is nondegenerate. 

The left invariant Riemannian connection is defined by (see p]) 

V X Y = \[X,Y], A,YeV; 

V X Z = V Z X = -\J{Z)X, XeV,ZeZ; (26) 
V Z Z* = 0, Z,Z*£Z. 

Let us investigate whether the Gauss map of a totally geodesic submanifold 
M in iV is harmonic. It was proved in [2J (Theorem (4.2)) that if N is sim- 
ply connected and nonsingular, then a totally geodesic submanifold of dimension 
ngeqslant2 either have the Gauss map of maximal rank at any point or it is a left 
translation of some open subset in a totally geodesic subgroup. The latter case 
takes place for many classes of submanifolds, for example, for all totally geodesic 
M such that dimM > dimiJ in 2-step nilpotent groups A" with dim A ^ 3 (see 
[2], Corollary (5.6)). The structure of the corresponding subgroups (or their Lie 
algebras) is also described in [2] (and allows to prove, for example, that there are 
no totally geodesic hypersurfaces in nonsingular 2-step nilpotent Lie groups, see 
[2], Corollary (5.8)). Anyway, in this case the Gauss map is constant, thus har- 
monic. Therefore it suffices to consider the case of the Gauss map with maximal 
rank. 

For n = dimM = 1, i.e., for geodesies, the answer is given by the next 
statement: 

Proposition 4. A smooth geodesic in 2-step nilpotent group has the harmonic 
Gauss map if and only if it is a left translation of some one-parameter subgroup. 

Proof. The "if" part is clear, let us prove the "only if" part. Taking if necessary 
a left translation we can think that our geodesic contains the identity e of A 
(similarly to the discussion in the previous section). Decompose its tangent vector 
at e as X + Z, where A € V and Z G Z. The condition (|22l) with n = 1, j = 1, 
and Y\ = X + Z becomes 

= ([A + Z, -J{Z)X] + 2V x+ z (J(Z)X) ± Y 
= {[J(Z)X,X] + [A, J(Z)X] - J(ZfX) 1 - = - {JiZfxf . 

Here we used the definition of 2-step nilpotent Lie algebra, the equations (|26j) . 
and the fact that (J(Z)X, X + Z) = (J(Z)X, X) = because J(Z) is skew- 
symmetric, therefore (J(Z)X)~ L = J(Z)X. The conditions mean J{Z) 2 X = 
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X(X + Z), where A g R, Thus XZ = 0, hence Z = or A = 0, in any case 
J(Z) 2 X = 0. This yields = {J{Z) 2 X,X) = -\J{Z)X\ 2 , therefore J(Z)X 
vanishes. Then Proposition (3.5) of [1] implies that the geodesic is defined by the 
formula exp(t(X + Z)). This gives us the desired result. □ 

Actually, the proof implies that the geodesic is a left translation of one- 
parameter subgroup if the Gauss map is harmonic only at some point. Anyway, 
it follows that for n = 1 the Gauss maps of maximal rank are not harmonic. It is 
interesting to check whether the similar statement is true for other values of n. 
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